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The notion of a free product of pro-finite groups has some important 
applications in the theory of algebraic number fields (see [3]). In this 
connection, it is interesting to get some knowledge about the subgroups of 
such a free product. The aim of this paper is to show a theorem for the open 
subgroups of a free pro-finite product, which is an analog of Kurosh’s well- 
known subgroup theorem for the free products of discrete groups in the usual 
sense. 
By K we denote a class of finite groups, which is closed under formation of 
subgroups, factorgroups and group extensions (c.g., all finite groups, the 
solvable groups, the p-groups, etc.) By a puo-@roup 6 we understand a 
projective limit 6 7 I;m Gi of groups Gi E (5. 
Let 6, , E E 81, be a family of pro-K-groups. A family of homomorphisms 
7% : Cc,, + -5 into a pro-K-group $j is called convergent, if every open subgroup 
of $ contains almost every (i.e., up to a finite number) of the images ~~(05~). 
This condition is clearly empty, if VI is a finite index set. The free pro-K- 
pvoducc of the pro-K-groups 6, is now defined as to be a pro-K-group 
(5 =: JJ&,[ . 6, , together with a convergent family of homomorphisms 
with the following universal property: If y,? : (ci,> ---f & is any convergent 
104 
SUBGROUP THEOREM FOR FREE PRODUCTS OF PRO-FINITE GROUPS 105 
family of homomorphisms into a pro-C-group Sg, then there exists a unique 
homomorphism y : 6 - $, such that the diagrams 
are commutative. Explicitly, the fret pro-K-product (C, = uuS,!t 6, is 
obtained in the following way: Let G .- +cIS\II 6,) the (discrete) free 
products of the groups 6, in the usual sense. Let C& be the family of normal 
subgroups AV of G, such that 
(I) G/‘NEK, 
(2) ;V T, 6, for almost every CL E ‘!I. 
(3) 12: n 6,, is an open subgroup of the pro-K-group 6, . 
SH,; is a basis of open neighborhoods of the identity of G and so defines a 
topology on G, which induces on 6, the pro-B-topology of 6,. Indeed, 
if SE ‘3, , then N n 6, is open in 6,) and if, conversely, I is any open 
normal subgroup of CfiA, we obtain a homomorphism G --> (ci,JI, the kernel 
.V of which is in !BG and has the property AT n (C,,, :-= I. We get this homo- 
morphism, if wc map (& onto 1 E C&/Z for /3 ,I’ a: and 6, onto 6,/I by the 
canonical projection. Since (6, is compact, it is a closed subgroup of G in the 
topologv given by Di,; If u-e now take the completion 
we obtain canonical (continuous) homomorphisms 
and it is easily checked, that the system 6, --t 9, LY E YI, fulfills the universal 
condition of a free pro-K-product, i.e., 6 = UIEY, C!jl . For a more general 
treatment of the free products, see [2]. 
THEOREM. Let 6 = fi as9l 6, be the free pro-K-product of the Pro-C-groups 
6, , cy t ?I, and let Sj be an open subgroup of 6. Then 
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zchere a, runs through a system S, of representations of the double-subgroup- 
decomposition 6, oa . 9 of 6 and 5 is the free pro-&group of the j%te rank 
rank(S) == C [(6 : .Sj) - card( -- (6 : $I) T I. 
.\E?I 
Remark. Since Q, C !?J for almost all a: E 91, we have card(5’J = (6 : jj) 
for almost all 01, i.e., the sum on the right side is finite. 
Proof. Let G +#Caef 6, be the usual fret product of the groups 6,) and 
the canonical continuous homomorphism into the completion 6 with respect 
to the topology I’, given by the family 2JC of open normal subgroups N of G, 
mentioned above. Let H == K--‘($). Since K is continuous, H is open in G 
and clearly of finite index. By the classical subgroup theorem of Kurosh 
[5, 2.2.2., Satz 81 we have 
where s, runs through a system 3, of representatives for the double-subgroup- 
decomposition CC,, s, I H of G, and F is a free group. Moreover, we have 
rank(F) + (G : If) ~- c card(s,J = card(?I) (G : H) -1 1. 
?&!I 
But it follows immediately from the proof of this equality in [j, 2.2.21 that we 
can write instead rank(F) =~ CTEp, [(G : H) - card(sJ] - (G: II) + I, since 
(G : H) and hence card(S,) is finite. Since fii,, C H for almost all iy E 4t, 
card(S,) = (G : H) for almost all 01 E YI, i.e., the sum on the right side is 
finite. 
Since TG induces on (6, , and therefore on 6:* the pro&topology and 
If is open, 6ze CT H is an open subgroup of the pro-g-group C6:‘3. Let now 
8, be the family of normal subgroups I of H, such that 
(1) H/IEE, 
(2) I I 62 n H for almost every of the groups 6:~ A H, 
(3) I CT (C!TIze n H) is an open subgroup of the pro-C-group CC:* n Il. 
9JjH is a basis of neighborhoods of the identity of H and so defines a topology 
T,, on H. We show that the restriction of T,; to His 
TolH = TN. 
By the same argument we used for the group G and its topology I;; , we 
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first notice that TH induces an 63 n H the pro-K-topology of 62 n Ii, 
and on F the topology given by all normal subgroups I, with F/I, E K. 
Let now N E 2& , and I = H n N. We then have H/I g H. N/N C GIN E 0, 
i.e., fi/I E 0 since (5 is closed under formation of subgroups. Since @a c‘ N 
for almost every 01 E ?I, and N is normal in G, we have 62 C X”* = ;V 
for all s, E 3, and almost every a E YI. By the same argument, 62 C n 5 H 
for all s, E ,!?, and almost every CL E 91, where A E 23<; denotes the open sub- 
group of G obtained as the intersection of the finitely many conjugates of Ii 
in G. Therefore, 62 L X n 11T == I for all s, E 3, and ahnost every OL E ‘!I. 
ivow II is of finite index in G and, therefore, there are only finitely many 
cosets 6, s, 11 for every 01, i.e., 3, is a finite set. Hence I contains almost 
everyone of the groups 6:~ n H, u E 3, and s, E 3, . Since T, induces on 
62 the pro&topology of 62 and 1 := H n N is open in G, 
is an open subgroup of the pro&group CC,> n Il. 1vc thus have shoun: If 
NEED;, then I = Hn NEB3,, i.e., TGiH > T,, . ‘To show Tf, > TJH, 
let I e !Bf, . \Ve have to find a group NE 2& , such that N n H C I. LVe 
claim that we can take for lVr the intersection 1 of the conjugates of I in G. 
Since I is of finite index in H and M is of finite index in G, I is of finite index in 
G. Therefore, I has only finitely many conjugates I’i. in G, i.e., f is of finite 
index in G. From 1 = ni I’L it follows that the canonical homomorphism 
H/i - nIi IIf~/It~ is injective. Since C is closed under taking subgroups and 
direct products and Hf*/I’i rz H/I E 6, we obtain H/r” E 0. Let i? E BG be 
the intersection of the (open) conjugates of H in G. \Ve then have the exact 
sequence 1 + B/l+ G/i + Gja ---f 1. Now G/A E 0 and n/iE K as a 
subgroup of H/i. Since 6 is closed under group extensions, we obtain G/iE 6. 
Xext we have to show that 8, n 1 is open in the pro-K-topology of (‘i,? . 
It is sufficient to show that 6, n I’i is open in CCJ! or, equivalently, that (‘,iT’ n I 
is open in Si?‘. If we write t;’ = g, . s, h, g, E 6,) h E II and s, E $ , 
we get 6LT1 n I = (Gi”* n I)?‘, 
((53)” x (520 = ($jiP. ,4t the 
and this group is open in the pro-K-group 
same time we see that Sfi’ n I :- S>‘” = 
W’X”>‘~ = 6ti’, i.e., 6, C I$ for ahnost every CI E ,?I. Therefore, 6, Cr” == ni I’; 
fo; almost every Q: E ?I. We thus have shown, that i C 2JH,, i.e., T,l, = TR . 
If we now consider the diagram 
we obtain 8 as the completion of G with respect to T, and the open subgroup 
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sj of Q as completion of H with respect to T,l, = TH . By the construction 
of free pro-C-products we see that 
where CC,:‘“*’ n 9 is the image of the (compact) pro-K-group 62 n H under 
K, and 3 is the completion of the finitely generated free group F with respect 
to the restriction of TH to F, i.e., with respect to the topology, given by all 
normal subgroups JF of F with F/IF t B. Hence 3 is a fret pro&group and 
rank(g) == rank(F) < co. Ifs, t s, runs through a system of representatives 
for the double-subgroup-decomposition 6, . s, . H of G, then (T, = K(SJ 
runs through a system of representatives for the double-subgroup-decomposi- 
tion & (T, & of 8. To see this, we just need to take an open normal 
subgroup 3 of 6, which is contained in 9~. If N K-‘(a), then K yields an 
isomorphism between G/N and Q/s%, which maps 6, . N/N onto V,, (J1Nt 
and HiLV onto $j,&; and it is immediately clear that the cosets of the double- 
subgroup-decomposition of G/N mod((ci,l X,I’~Y, H/-V), rcsp., of 8/% 
mod(6, . %j‘%, 5~/‘91) are in l-l-correspondence with the coscts of the 
double-subgroup-decomposition of G mod((Fa , II), resp., of 6 mod(Q,, , 5). 
Since card(SJ = card(,TJ and (G : Ei) m= ((5 : I), we finally obtain 
rank(%) :-= rank(F) =- xYtY, [(CC : 5-J) ~~ card(S,)] - (6 : -\I,) ~i~ 1. As a 
special case, we obtain the 
COROLLARY. An open subgroup $3 of a free pro-K-group 6 is a free pro-Cl- 
poup of rank 
rank($) ~= (6 : 5) . (rank(6) ~ I) -( 1. 
Proof. A free pro-&-group (6 is the free pro-K-product (ci 7 &ta 05, , 
where 6m is the free pro-B-group of rank I (i.e., (5, is pro-cyclic). We have 
rank(6) == card@I). By our theorem, $7 m= u,,,= (6:~ n 5) fi 3, where 
o, E S, runs through a system of representatives for the double-subgroup- 
decomposition Oje . o,~ * $J of (5, and 3 is the free pro-B-group of rank 
rank(S) mm= JYlt‘?l [(Uj : Cj) - card(&)] ~~- (6 : 5) + 1. It is obvious, that 
CC,? n & is isomorphic to the free pro-E-group of rank 1 as an open subgroup 
of the free pro-&group 6:~ of rank 1. Therefore, !$ is a free pro-O-group 
(as a free pro-&product of free pro-K-groups) and 
rank(<?) = 1 rank(%z” n $) J. rank(s) 
= Ii card(S,) -+ rank(s). 
I(6 : &) - (6 : 5~) -1 1 == (card(W) -~~~ 1)(6 : Sj) $m 1. 
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It is wellknown (see [I]) that the galois group G, of the algebraic closure over 
a rational function field K = k(r) of one variable over an algebraically 
closed field k of characteristic 0 is a free pro-finite group. Since an arbitrary 
function field of one variable over k is a finite extension of k(x), we auto- 
matically obtain, from the above corollary, the following: 
COROLLARY. Let h’ be an algebraic function jield of one variable over an 
a@ebraically closed$eld k of characteristic 0. Then the galois group G, of the 
algebraic closure K ovey A’ is a free projinite group. 
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